Bouquets of Baer modules  by Okoh, Frank
Journal of Pure and Applied Algebra 93 (1994) 297-310 
North-Holland 
297 
Bouquets of Baer modules 
Frank Okoh 
Department of Mathematics, Wayne State University, Detroit, MI 48202, USA 
Communicated by C.A. Weibel 
Received 11 October 1991 
Abstract 
Okoh, F., Bouquets of Baer modules, Journal of Pure and Applied Algebra 93 (1994) 
297-310. 
In this paper some transcendental numbers are used to construct infinite-dimensional 
indecomposable Baer modules. Let R be a ring whose category of modules has a torsion 
theory. An R-module, M, is Baer if every extension of M by any torsion R-module splits. 
In this paper, R will be a path algebra, i.e., an algebra whose basis over a field K are the 
vertices and paths of a directed graph. Multiplication is given by path composition. When 
R is a path algebra obtained from an extended Coxeter-Dynkin diagram with no oriented 
cycles, we characterize Baer modules of countable rank. This characterization is used to 
show that modules constructed from Liouville sequences yield a family, B = {R,}~=c, of 
Baer modules satisfying the following conditions: every extension of B, by & splits for 
every pair (m, n); if m # n, B, is not isomorphic to &, while automorphisms of Bn are 
given by multiplications by nonzero elements of K. Each B,, is shown to be a submodule of 
a rank-one module. Another application of our characterization is the determination of the 
rank-one modules with the property that every submodule of infinite rank has a nonzero 
direct summand that is Baer. In analogy with &-free modules, we define N,-Baer modules 
and give an example of an N, -Baer module that is not Baer. The existence of a Baer module, 
M, that is not a direct sum of Baer modules of countable rank is also proved. However 
every nonzero submodule of M has a nonzero direct summand. A problem suggested by 
these results is the existence and structure of indecomposable Baer modules of uncountable 
rank. 
Introduction 
Every Baer module over S = K [[I, the polynomial ring in one variable, is 
a direct sum of copies of S, by Griffith’s theorem in [ 111 or [ 7, Section 10 I]. 
It is evident from [ 161 that Baer modules over path algebras do not have so 
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finished a structure. Nevertheless one of the main results in this paper is that 
there is a family of infinite-dimensional Baer modules over path algebras that 
are submodules of K [(T] viewed as a module over a path algebra. To make this 
precise, we shall briefly recall some standard material on modules over path 
algebras. We deal only with path algebras, R, over extended Coxeter-Dynkin 
diagrams with no oriented cycles. 
Let A4 be a K [[]-module. Then multiplications on M by 1 and [ yield a 
pair of K-linear maps on M. This makes (M, M) a Kronecker module, i.e., 
a representation of A-12. By the tables in Section 6 of [3], (M, M) can, in 
turn, via an embedding T, be considered as a module over any path algebra, 
R, of an extended Coxeter-Dynkin diagram with no oriented cycles. Starting 
from the K [cl-module, K(i), of rational functions, we get the Kronecker 
module R = (K(<),K(c)). We shall denote T(R) also by R. A module M 
is torsion-free if it is isomorphic to a submodule of a direct sum of copies of 
R. In [ 2 1 ] a torsion-free module is said to be preprojective if every nonzero 
submodule has a finite-dimensional direct summand. 
A subcategory of the category of torsion R-modules is shown in [21] to 
behave like the category of torsion K [Q-modules. Modules in this subcategory 
are said to be torsion-regular. A module M is said to be of (torsion-free) rank r 
if M 2 N = @, R and N/M is torsion-regular. When the rank of M is finite, 
it is equal to the dimension of Horn (M, R) as a left vector space over End R, 
see the proof of Theorem 5.7 in [ 2 11. 
An alternative way of describing the rank of a regular module (a torsion- 
free module with no nonzero finite-dimensional direct summand is said to be 
regular) starts from the existence of a simple projective R-module, P, of rank 
one [ 2 1, Section D] . The next proposition follows from Corollary 2.2 of [ 2 11. 
Proposition A (Ringel [ 2 1 ] ) . The class of torsion-free regular modules is closed 
under direct products, direct sums, and torsion-free quotients. 17 
By Proposition 4.3 and Section 5.5 of [ 2 11, a torsion-free regular module 
M contains a submodule M’ isomorphic to ejeJ P with the rank of M equal 
to the cardinality of the indexing set J. 
Let X be a subset of a torsion-free R-module M. The smallest submodule N 
of M containing X with M/N torsion-free is called the torsion-closure of X in 
M and is denoted by tcM N or tc N if M is understood. A submodule of M 
that is its own torsion-closure in M is said to be torsion-closed in M. 
In what follows, we shall identify M’ with ejeJ P. Let Wj be a nonzero 
element in the jth copy of P in M’. The set 
S = {Wj 1 j E J}, card(J) = r (1) 
has properties analogous to those of maximal linearly independent sets in 
torsion-free K [cl-modules. In [ 61 S is called a basis of M with respect to 
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generation. The contents of the next lemma are either easy or are proved in 
[ 61 for Kronecker modules. We can remove that restriction by using the results 
in Sections 4 and 5 of [ 2 1 ] to modify the proofs in [ 6 1. 
Lemma B (see [ 6, Section 21). (a) Let M be a regular (torsion-free) module. 
The rank of tcM X, X a subset of S, a basis of M with respect to generation, is 
equal to the cardinality of X. Let 
O-A+B+C-0 (2) 
be an exact sequence of R-modules, where A and B are torsion-free. 
(b) rank B 2 rank A + rank C with equality if C is torsion-free or torsion- 
regular. 
(c) Let M be a torsion-free module of rank one. Then M = tc&m) for 
every nonzero element m E M. 0 
Theorem C (see [ 2 1, Proposition 4.3 and Theorem 5.51). Let M be a torsion- 
free regular module. Then M contains a submodule M’ isomorphic to r copies 
of P, r = rank M, and M/M’ is torsion-regular. Moreover, Ml L is torsion for 
every submodule L 2 M’. 0 
If A4 is torsion-free, infinite-dimensional, and of finite rank, then 
A4 = N/M’ (3) 
where N is finite-dimensional and M’ is regular. 
The submodules of K ([) as a K [[]-module are indecomposable and have 
rank one. However, R has indecomposable submodules of rank up to the 
cardinality of K, see [ 181. Fortunately, the isomorphism classes of rank- 
one submodules of R are also characterized by equivalence classes of height 
functions as in [ 7, Section 85 1. See [ 6, Section 3 ] and [ 2 1, Section 61. 
We shall assume that the field, K, is algebraically closed. In that case, the 
relevant height functions, h, are maps from KU { cm} to N U { DC)}, where N is the 
set of nonnegative integers, A subscript h-except in (5) and (6)-indicates a 
module whose isomorphism class is determined by the height function h, e.g., 
Mh, Pj,, etc. Since rank h&, = 1, the submodule M’ in Theorem C is P. From 
Section 6.5 of [21], we obtain 
i&/M’ = @ A$“‘. 
fEKU{oo} 
(4) 
An extension of a finite-dimensional module by Mh will be said to be in E. 
We need the following notation in the statement of the results: 
1, = (6 E KU {co} 1 h(8) = oo}, (5) 
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P,, = (6 E Ku {m} 1h(6) > 0). (6) 
If Ih is nonempty and 
0 < card(Ph U Ih) < CC (7) 
then the equivalence relation on height functions allows us to take Ih = Ph. If 
1, = Ph = (0) we denote Mh by PO. As a Kronecker module, P, comes from 
the K [[]-module, K [[I, and will be denoted simply by P. Let A be a subset 
of K U {co}. The module whose height function is the characteristic function 
on A is denoted by RA. 
The isomorphism class of R is characterized by the height function h with 
Ih = K U {cm}. It contains every rank-one torsion-free module. An infinite- 
dimensional rank-one module contains a submodule isomorphic to PO or RA, 
for some infinite subset, A, of K. 
Lemma D. Let Ml and M2 be modules in & with respective rank-one torsion-free 
quotients, Fh, and Fhz. Suppose that M2 C Ml. Then Ih2 C Ih,. 
Proof. For n any positive integer, we shall use the following notation for 
M,, E E: M,, is an extension of L, by Fh,,, L, finite-dimensional and Fh, a 
torsion-free rank-one module given by the height function, h,. The analogue 
of M’ in (4) for Fh, will be denoted by MA. 
From (4)) we see that h, (t ) = cc precisely when 
M,I(L, + M,:) > S,Y. (8) 
Each arrow below is the natural map and each map has a finite-dimensional 
kernel. 
MJW; + L2) --+ MI/W; + ~52) + MI/U& + Ll + M; + L2) 
+- M/W, + Ll). 
From these maps and (8) we deduce the conclusion of the lemma. 0 
In Proposition 1.1, we point out the changes to be made to Section 2 of 
[ 161 in order to get the characterization, in Theorem 1.2, of Baer modules of 
countable rank. 
We show in Section 1 that the rank-one submodules, Mh, of R, given by 
h with Ph finite and zh nonempty, are characterized by each of the following 
properties: (i) every infinite-dimensional submodule of Mh of finite rank is in 
E; (ii) every submodule of Mh of infinite rank is of the form Vi @ U2, where 
Ui is in E, and U, is a Baer module. 
The next step in the paper is the construction of indecomposable Baer 
submodules of P of infinite rank. We do this, in Section 2, by refining a 
technique used in [ 171. Roughly put, we punch holes in Liouville sequences, 
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i.e., we replace ones by zeroes at strategic points of the sequences. These 
sequences are then used to construct a family of Baer modules with the 
properties stated in the Abstract. 
Section 2 was partly motivated by [ 1 ] and [9]. A module A4 is said to 
be a brick if Ext (M, M) = 0 and the endomorphism ring of M is K. In [ 1 ] 
finite-dimensional bricks over wild algebras are discussed. The automorphism 
group of each Baer, M, module in Theorem 2.4 is shown to be isomorphic to 
K*-the multiplicative group of the field K. Moreover, Ext (M, M) = 0. So they 
just fail to be bricks. We do not yet have an example of an infinite-dimensional 
brick. The modules in Theorem 2.4 can also be discussed in the context of 
perpendicular categories. See [9] for the delinition. 
Section 3 contains miscellaneous results. A module M is said to be N,-Baer 
if every submodule of M of rank strictly less than N, is Baer. Theorem 1.2 
implies that an No-Baer module of countable rank is Baer. The direct product 
of certain torsion-free finite-dimensional modules is shown to be an Ni-Baer 
module that is not Baer. We do not know if there are similar examples for 
r > 2. In light of Theorem 1.2, the study of Baer modules would be facilitated 
if every Baer module were a direct sum of submodules of countable rank. We 
show in Proposition 3.2 that this is not the case. 
Baer modules over domains have been investigated by Eklof, Fuchs, Gobel, 
and Shelah, see [ 41, [ 51, [ 8 1, and [ lo]. In these papers Griffith’s theorem, 
stated at the beginning of this section, is generalized. 
1. Baer submodules of rank-one modules 
Unless otherwise stated all modules are over the algebra R described in the 
Introduction. We shall freely use the fact that a submodule of a Baer module 
is also Baer. 
Proposition 1.1 (see [ 16, Proposition 2.41). Let A4 be a Baer module. Then 
every submodule of A4 of finite rank is finite-dimensional. 
Proof. It is enough to prove that no infinite-dimensional module of finite rank 
is Baer. In the proof in [ 161 replace (0, C. 1) by a simple projective module 
Pi, ( V, W) by M, @ by K and ZZ; by Si. It is shown in Section 4 of [ 2 1 ] 
that, like ZZ;, Si, behaves like the K [[]-module K [c] / ([ - 0 ) ? In particular, 
Ext (P, Se”) = 0. With these observations, the proof then proceeds in the same 
way as that of [ 16, Proposition 2.41. 0 
Now that we have Proposition 1.1, the next result is proved in the same way 
as its counterpart in [ 16 1. 
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Theorem 1.2 (see [ 16, Theorem 2.61). (a) A torsion-free module of countable 
rank is Baer if and only if every submodule offinite rank is finite-dimensional. 
(b) A module M of countable rank is Baer if and only if 
M= GM,, (9) 
n=l 
where M,, is a finite-dimensional submodule of M with M/M,, torsion-free and 
M,, c M,,+l, n = 1,2 ,.... 0 
The interesting thing about the proof of the last theorem is that it is similar 
to Baer’s proof in [2] that a countable abelian group, G, with the property 
that Ext(G, T) = 0 for all torsion abelian groups, T, is free. However, the 
proof of Theorem 1.2 stops short of concluding that M = @,“= 1Mn. It was 
already pointed out in [ 161 that this need not be the case. The examples that 
we give in Section 2 of indecomposable Baer modules of infinite countable 
rank and the example in [ 17, Remark 3.71 illustrate the disparate properties 
of R-modules satisfying (9). 
In the proof of Proposition 1.3, we shall constantly use that Horn (SF, St:,’ ) = 
0, if tf t’. 
Proposition 1.3. Let h be a height function with Lh = Ph a finite nonempty 
set. Then every infinite-dimensional submodule, N, of Mh offinite rank is an 
extension of a finite-dimensional module, L, by a rank-one module Mhj with 
I,,’ = Ph’ c I,,. 
Proof. By (3), we may assume that N is regular. We use induction on the 
rank n of N. Since N is regular, it has a basis, S = {wi, ~2.. . , wn}, with 
respect to generation, as described in ( 1). If n = 1, the proposition is true 
with L as the zero module. Let Nt = tcN{wt,. . . , w,_i}. So Nr is of rank 
n - 1. Therefore, N/N, is a torsion-free module of rank one. Hence it is of the 
form Mh, for some height function h’, which may be replaced by an equivalent 
height function. 
Suppose Nr is finite-dimensional. Then Mh, = N/N1 is infinite-dimensional. 
We now show that Ih! = Ph! E Ph, possibly after using the remark fOllOWing 
(7). As in (4), 
M/,(/P = @ $‘? 
ZEKU{co) 
(10) 
Let N2 be the inverse image, in N, of P. Then N2 is finite-dimensional 
and N/N:! is isomorphic to Mh,/P. So MhJ/P embeds in Mh/N2. Let M2 = 
N2 + M’ c Mh, M’ as in (4). Since N G Mh and N2 & M2, there is a natural 
map from N/N;! to Mh/M2. We also have Mh/M2 E (Mh/M’)/(Mz/M’). 
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Since i’t42 is finite-dimensional, we deduce from ( 10) and the above maps 
that h’(t) = cc implies that h(t) = 00 and Ph’, like Ph, is finite. Since Mh! 
is infinite-dimensional, the remark after (7) allows us to replace h’ by an 
equivalent height function that satisfies the conclusion of the proposition. So 
L = N1 works. 
Suppose that Ni is infinite-dimensional. By the induction hypothesis, Ni is 
an extension of a finite-dimensional module, N3, by a rank-one torsion-free 
module Nh! . We have N/N1 E (N/N3)/ (IV1 /N3 ). Therefore, N/N3 is torsion- 
free and has rank equal to two, by Lemma B(b). Since N was assumed regular, 
N/N3 is regular by Proposition A. Let 
s = {Ul,U2) (11) 
be its basis with respect to generation. We now show that we would be done 
if N/N3 has a nonzero element w with 
dim(tcN,N3{w}) < CO. (12) 
Let w’ be a pre-image of w in N. Let L = tclv (Ns U {w’}). Since (N/N3 )/ 
(L/N3) g N/N 3 which is torsion-free, we conclude that L/N3 is a rank-one 
torsion-closed submodule of N/Ns. Since it contains w , it follows from Lemma 
B(c) that L/N3 = tcNINJ{w}. Since N3 is finite-dimensional it follows from 
( 12) that L is a finite-dimensional torsion-closed submodule of N of rank 
n - 1. In that case, it has already been shown above that N/L satisfies the 
conclusion of the proposition. 
We now show that (12) is satisfied for some nonzero element w E N/Ns. 
For any nonzero (I! E K, let N, = tcN,NJ{U,}, where U, = cvui + ~2, ~1, u2 as 
in ( 11). Let h, be a height function of N, and let P, be the simple projective 
submodule of N, generated by u,. So, N,/P, has a decomposition as in (4). 
Let N4, N5 be the respective inverse images in N of N, and Pa. In what follows 
every arrow is the natural map and all maps have finite-dimensional kernels. 
We have Nd/Ns + N,fP,, N4/Ns -, Mh/Ns -, Mh/(N=, + M') + Mb/M', 
where M' is as in (4). 
The conclusion we draw from these maps is that Zh, C Zh, and Ph,, like Ph, 
is a finite set. So if N, is infinite-dimensional, then h, assumes the value co 
at some 8 E Zh. 
Let a and /? be distinct elements of K. It follows from Lemma B(c) and 
(11) that 
N, II N8 = 0 (13) 
It follows from (8)) ( 13)) and the maps in the last paragraph that h, and ZZB 
do not assume cc at the same element of Zh. Since K is infinite and Zh is finite, 
we conclude that N, is finite-dimensional for some (1 E K. 0 
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Recall that when Ih = Ph = 0, Mh is denoted by PO. The next proposition 
follows from the penultimate paragraph of the last proof. 
Proposition 1.4. Let N be an infinite-dimensional submodule of Pe of finite 
rank. Then PO/N is finite-dimensional. 0 
Corollary 1.5. Every submodule of Pe of in.nite rank is Baer. 
Proof. Let N be a submodule of PO of infinite rank. By Proposition 1.4, every 
infinite-dimensional submodule of N of finite rank is of finite codimension 
in N, thereby leaving insufficient room for an infinite basis with respect to 
generation. So every submodule of N of finite rank is finite-dimensional. 
Hence, by Theorem 1.2, N is Baer. 0 
We shall need the following splitting property of Baer modules of countable 
rank. 
Proposition 1.6. Let M be a Baer module of countable rank. Then Ext(M, N) = 
0 for any module, N, with no nonzero jmite-dimensional torsion-free direct 
summand. 
Proof. Express M as in (9). We have the exact sequence 
0 + t(N) --+ N --+ N/t(N) + 0. (14) 
By Proposition A, N/t(N) is regular. Therefore, Ext (M,, t(N) ) and 
Ext(M,, N/t(N)) are zero by Corollary 2.2.3 of [21] and Theorem 4.1 of 
[ 2 11. Therefore, by the long exact sequence of Ext obtained from ( 14)) we get 
that Ext (M,, N) = 0. We now deduce that Ext (M, N) = 0 in the same way 
as in the proof of [ 16, Proposition 1.51 with N playing the role of t(N) in 
[ 16 1. Proposition 1.6 can also be deduced from [ 15 1. 0 
Theorem 1.7. Let h be a height function with Ih = ph a finite nonempty set. 
Then every submodule N of Mt, of infinite rank is of the form N = UI@ Uz, 
where U1 is in & and U, is Baer, 
Proof. Since Ph is finite, all the modules involved are countable-dimensional, 
hence of countable rank. So if every submodule of N of finite rank is linite- 
dimensional, N would be Baer by Theorem 1.2. In what follows, Nn, n a 
positive integer, is an infinite-dimensional torsion-closed submodule of either 
N or a torsion-free quotient of N; also N,, is of finite rank and regular. 
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Suppose N > Nt. If N/N1 is Baer, we would be done by Proposition 1.6. 
Otherwise N/N, contains N2. We have the following exact sequence with N3 
the inverse image, in N, of N2 under the projection map: 
0 --$ Ni + N3 + N2 + 0. 
Proceeding inductively, we get, for odd n, the following exact sequence: 
From Lemma D, the fact that N, + 1 is infinite-dimensional, and Proposition 
1.3, we get that Zh, is a proper subset of Zhn+z g Zh. Since Ph = zh is a finite 
set, we must eventually get that for some positive integer m, VI = Nm with 
U2 = N/U, is Baer. The theorem now follows from Proposition 1.6. 0 
Remark 1.8. The hypothesis on the finiteness of Ph in Proposition 1.3 and 
Theorem 1.7 is necessary. It is shown in [ 181 that if Ph is infinite, then Mh 
contains a submodule N of infinite rank and every torsion-closed submodule 
of N of finite rank is infinite-dimensional and is not in E. 
2. Rigid families of Baer modules 
We shall first do the construction with Kronecker modules. After that it will 
be shown that the embedding T mentioned in the Introduction preserves the 
required properties. 
To make a pair of K-vector spaces (V, W) into a Kronecker module it is 
enough to describe how the elements of a basis (a, b) of K2 acts on a basis of 
V. For e E K2 the action of e on w E I/ into W is denoted by ev. We call I’ 
the domain space and W the range space of the module. 
The desired Baer modules will be extensions, (V, W), of Z. = (0, @rCp=, Kw,), 
w, anonzerosymbol,byP = (K[t:],K[[]). Givenasequences = (s@isz...) 
of elements of K, one gets an extension of (0, @r. 1 Kw,,) by P by letting a 
act as the identity and letting, for each nonnegative integer, n, 
b[” = (“+l+ s,w,. (15) 
However, ( 15) results in a projective module if each component of s is 
nonzero. The projectivity is easily destroyed by interspersing zeroes between 
sn and s,+t. Let s (0) be a Liouville sequence, i.e., a sequence of zeroes and 
ones with n! zeroes between the nth I and the (n + 1 )th I. We note that for 
n > 3, 
(n + l)! > g(n) = ei! + n. (16) 
i=l 
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Let 
w = (w0wiw0wiwzw0wiw2w3.. .) = (c0c1c2c3c4.. .) (say). 
One feature of this sequence that will be used is that w, occurs infinitely often 
for every y1. Let 
A (0) = (%$k,sk2sk,sk4 . . . ). (17) 
be the subsequence of the Liouville sequence consisting of the 1s. If Sk in the 
Liouville sequence is 1 then it is Sk, for some i. This, in turn, corresponds to 
ci = wj for some j. If Sk = 0, let wj = 0. 
The domain and range spaces of BO are K [l] and K [[I @ ( @~coKw ,J 
respectively. Let a act as the identity map and let 
bck = ck+’ + s,$“j. (18) 
With this definition we have obtained Bc as an extension, (V, W), of L by 
P. In what follows we shall refer to ski = 1 in ( 17) as the ith obstruction. Its 
corresponding wj will be denoted by Wji. 
Lemma 2.1. B. is isomorphic to a submodule of P. 
Proof. We need a pair of K-linear maps (4, w) : (V, W) A (K[[],K[c]) with 
the property that for e E K2 
e+(v) = w(ev). (19) 
It is enough to verify (19) only on the basis (a, b) of K2 and on a basis of 
V. Set +(ck) = v((rk) = Ck, 0 5 k 5 ko Set v(wj,) = <b+s $(c ‘Q+J) = 
w(ck”+j) = [‘-‘([k”+‘- Cb+?, ko+ 1 5 ko+ j 2 k s In this step and in 
succeeding steps both ( 19) and monotonicity will be simultaneously preserved. 
Assume that +(ck), v(ik), ~(wi,,,) have been defined for 0 5 k 5 ki, 0 5 
m 5 i - 1. Let fk, = $(cki). If Wj, has already appeared then v/ (Wj,) is 
already known and its degree is less than degfj,. (deg f denotes the degree 
of the polynomial f.) Otherwise, set t,u (wii) = c(desCfk~)+l. In both cases, 
Set $(cki+‘) = v(cki+‘) = [‘-l([fk,- $V(W jj), ki+ 1 5 k i+ j 5 k i+) By 
induction on i, we have embedded B. in P. 0 
From Corollary 1.5 and Lemma 2.1 we obtain the following corollary: 
Corollary 2.2. Bo is a Baer module. 0 
Here is how to obtain the other Baer modules B,. Let pn be the nth positive 
prime. In ( 17) replace ski by 0 if i is a power of p,,. In this way we get a 
new sequence A, from A (0). Replacing A (0) by A, in the original Liouville 
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sequence we obtain a new Liouville-type sequence, s (n ). The analogue of 
A (0), i.e., the subsequence of s (n) consisting of ones, is denoted by A(n). We 
construct B, from s (n ) in the same way as Bo was constructed from s (0). We 
now have a family of Baer modules ensconced in P. 
In dealing with B, we shall continue to use the notation of (17) intro- 
duced for Bo. Let U = @E”=, Kwi, let k be the least nonnegative integer with 
b@f) = rk+lj- + w, w a nonzero element in U. Define h z(f) as k + 1. 
The following lemma follows from ( 18 ) and ( 19). 
Lemma 2.3. Let (4, w) : B,,, -+ B, be a homomorphism. Then h2 (f ) 5 
hz ( (4 (f ) ) for every polynomial f. q 
Theorem 2.4. (a) The automorphism group of B, is the multiplicative group of 
nonzero elements of K. (So B, is indecomposable.) 
(b) If m # n, B, is not isomorphic to B,. 
(c) Ext (B,, B,) = 0 for every pair of positive integers m, n. 0 
Proof. (a) Let (4, ry ) be an automorphism of B,. For ki 5 ki + j < ki, 1, we 
have from (18) and (19) that $([“i+j) = cA$(ikl). It follows from Lemma 
2.3 and ( 16) that 4(ik) is a nonzero multiple of ck for every k > 4. Pick 
some k > 4 such that bCk-’ = Ck+ WI. Then v(ck+ wl) = a(ck+ w 3, 
where cy is a nonzero element of K. Similarly, w (ck) = j? ((Y k), /? some scalar. 
Therefore, y/(wl) = (a: - /?)ck + awl. 
If (Y - p # 0, pick another integer k’ > k + 4 and bck’-’ = c k’ + w 1. Then 
v/ (wi ) = (a’ - /l’)lk’ + Q ‘w 1. Comparing degrees leads to the conclusion that 
the scalars are the same on these powers of [. In particular, w (w 1) = aw 1. 
The same argument on each positive integer i leads to the conclusion: 
w ( U) C U. Therefore, (4, v/ ) induces an endomorphism of P. From ( 19), we 
see that every endomorphism of P is given by multiplication by a polynomial, 
f. In this case f must be a nonzero scalar. 
(b) Just as in (a) we conclude that an isomorphism is given by multipli- 
cation by a nonzero scalar Q. Since m # n there are infinitely many positive 
integers, k, where the kth component of the sequences s(m) and s(n) are 
respectively 0 and 1. So if a # 0, Lemma 2.3 would be contradicted. 
(c) By (a), each B, is indecomposable. Therefore, (c) follows from Propo- 
sition 1.6. 0 
Remark 2.5. The construction of the modules in Theorem 2.4 is similar to 
the construction of the modules in [ 17, Theorem 3.61. The modules in [ 17, 
Theorem 3.61 are of finite rank and infinite-dimensional and, hence, not Baer, 
by Proposition 1.1. Still, parts (a) and (b) of both theorems are identical. Part 
(c) of [ 17, Theorem 3.61 says that the dimension of the Ext-spaces is 2 c, the 
cardinality of the real line. 
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The construction in this section can be done with PO in place of P. The 
domainandrangespacesofP0 are (l/(c-e))K[l/(c-8)] andK[l/([-8)] 
respectively. The basis (a, b) of K2 is replaced by (bs, a), where be = b - @a. 
In PO, a acts like the identity and be acts as multiplication by [ - 13. However, 
it is a that picks up the Wj, i.e., (18) is replaced by 
a([-8)-k = ([-O)-k+~k~j. (20) 
With (20) in place of ( 18), one shows that inside each PO, the O-arm of 
R, we have a family, {J&e}, of Baer modules satisfying Theorem 2.4. These 
families are joined at 1 E K ([)-hence the title of the paper. 
Let R be an arbitrary finite-dimensional hereditary tame algebra. Via the 
embedding T in Section 6 of [ 31, the modules in this section may be taken as 
R-modules. Among other properties, see e.g., [ 141, this embedding is full, exact, 
and preserves finite-dimensional modules and torsion-free modules. Hence, by 
Theorem 1.2, T (B,e) is Baer. In summary, we have the following: 
Theorem 2.6. Let R be a finite-dimensional hereditary tame algebra over the 
field, K. Then for every 8 E KU(W), there is a family {B,,e}r_, of Baer modules 
over R with the properties in Theorem 2.4. q 
If all we want are extensions of (0, ejEJ Kwj) by P that are Baer submodules 
of P, then any sequences, s = (~1s~ . . .), of elements of K, with infinitely many 
nonzero components would do. The subsequence, (sQ~, . . .), of s consisting 
of these nonzero components then plays the role of A (0) in ( 17). We proceed 
in the same way right up to Corollary 2.2. 
3. H,-Baer modules 
A module, M, is said to be N,-Baer if every submodule of M of cardinality 
less than N, is Baer. Let 
P = {Pl,PZ,...} (21) 
be the set of isomorphism classes of indecomposable preprojective modules. 
Proposition 3.1. Let M = l-I:“=, Mi, where the isomorphism class of Mi = Pi. 
Then M is NI-Baer but not Baer. 
Proof. By Proposition 2.7 of [ 211 every nonzero submodule of M has a 
nonzero finite-dimensional direct summand. Therefore, every submodule of M 
of finite rank is finite-dimensional. Hence by Theorem 1.2, every submodule 
of countable rank is Baer. 
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The set P in (2 1) contains T(ZZZk ), where {ZZZk}~= 1 is the set of indecom- 
posable preprojective Kronecker modules. By Theorem 3.1 of [ 16 1, I-IF= 1 ZZZk 
is not Baer. Since the embedding T is full and commutes with direct products, 
we conclude that M is not Baer. 0 
Proposition 3.2. Let R be an uncountable tame finite-dimensional hereditary 
algebra. Then there is a Baer module over R that is not a direct sum of Baer 
modules of countable rank. 
Proof. It follows from [ 12, Proposition 7.391 that there is a pure submodule, N, 
of a pure-projective R-module M with N not pure-projective. Since M is Baer, 
so is N. Suppose N = ejcJ Nj, J some indexing set, Nj of countable rank. A 
Baer module of countable rank is countable-dimensional, by Theorem 1.2. So 
by [ 131, each Nj, hence N, is pure-projective. This is a contradiction. 0 
We do not know what happens in Proposition 3.2 when R is countable. 
In order to decide to what extent the class of Baer modules is closed under 
torsion-free quotients and direct products, we let (Frfd) denote the property: 
every submodule of finite rank is finite-dimensional. Examples of modules 
satisfying (Frfd) are (a) Baer modules, (b) separable modules as defined in 
[ 191, (c) preprojective modules, (d) the chimerical purely simple modules of 
infinite rank, see [20, Remark 2.111. 
Proposition 3.3. (i) Let M have (Frfd) and let N be a submodule of M of 
finite rank with M/N torsion-free. Then M/N has (Frfd). 
(ii) Let Mj, j E J, J any indexing set. Zf Mj has (Frfd) for each j, then 
M = njEJMj has (Frfd). 
Proof. (i) Let L be a submodule of M/N of finite rank. Then for some 
submodule MI of M we have the exact sequence 
By Lemma B(b), rankMi < 00. So MI, hence L, is finite-dimensional. 
(ii) Let L be a submodule of M of finite rank. Let prj : M 4 Mj be the 
projection of M onto Mj. Let Lj = prj (L). SO L s L’ = n,,, Lj. By Lemma 
B(b), rank Lj < 00. Since Mj has (Frfd), Lj is finite-dimensional. So, L’ is 
preprojective, by [21, Proposition 2.71. Hence all its submodules of finite rank 
are finite-dimensional. Therefore L is finite-dimensional. •3 
Corollary 3.4. (i) Zf M is a Baer module of countable rank and N is a torsion- 
closed submodule of M offinite rank, then M/N is Baer. 
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(ii) Let Mj, j E J, J any indexing set, be a set of Baer modules. Then 
M=njE,-Mj B 1s aer if there is a positive integer n such that for every j E J 
no submodule of Mj is of isomorphism type P,,, n > m. 
Proof. (i) This follows from Proposition 3.3 (i) and Theorem 1.2. 
(ii) The hypothesis implies by [ 19, Proposition 2.11 that M is a torsion-free 
pure-projective module. So M is Baer. 17 
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